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We study quantum spin Hall insulators with local Coulomb interactions in the presence of bound-
aries using dynamical mean field theory. We investigate the different influence of the Coulomb
interaction on the bulk and the edge states. Interestingly, we discover an edge reconstruction driven
by electronic correlations. The reason is that the helical edge states experience Mott localization
for an interaction strength smaller than the bulk one. We argue that the significance of this edge
reconstruction can be understood by topological properties of the system characterized by a local
Chern marker.
Introduction.– Topological insulators are symmetry-
protected quantum materials with a gapped bulk but
gapless edge states. In two spatial dimensions, the quan-
tum spin Hall insulator (QSHI) is the prime example of
a topologically non-trivial phase of matter. Here, the
underlying symmetry that needs to be preserved is time-
reversal symmetry (TRS) [1–3]. The QSHI phase is usu-
ally detected by transport properties determined by its
boundary modes, which are coined helical edge states [4–
6] because their spin degree of freedom and their direction
of motion are strongly coupled to each other. This leads
to a protection from elastic backscattering off potential
fluctuations [7, 8]. However, in experiments, edge state
transport in the QSHI is not perfect implying some sort
of backscattering mechanism. The interplay of Coulomb
interaction and spin-mixing disorder has been proposed
as a possible origin of such inelastic backscattering [9–
14]. Thus, it is crucial to better understand the influ-
ence of Coulomb interaction on the physical properties
of QSHIs. In fact, already for bulk systems, i.e. in the
absence of edge states, it has been shown that topological
insulators in the presence of strong Coulomb interaction
behave rather differently as compared to their weakly or
non-interacting counterparts [15–25].
In this article we address the problem of how the he-
lical edge states in a strongly interacting QSHI phase
are affected by Coulomb interaction. Using dynamical
mean-field theory (DMFT) [26, 27], we study the role
of Coulomb interaction in a paradigmatic model of the
QSHI, called Bernevig-Hughes-Zhang (BHZ) model [3],
in a stripe geometry. We show that the influence of elec-
tronic correlation is more pronounced at the boundaries
than in the bulk. This perception is nicely illustrated by
the evolution of the quasiparticle weight Z, which coin-
cides with the inverse of the effective mass enhancement
within DMFT, as a function of the interaction strength
U for the first few layers (y = 1 being the outermost
one), see Fig. 1. For non-topological systems, it has been
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Figure 1. Quasiparticle weight Z as a function of the interac-
tion strength U for the first few layers (under the parameter
choice M = 1 and λ = 0.3 of the BHZ model, see Eq. (1) be-
low). The vertical dashed lines indicate the Mott localization
of the first three layers, signaled by Zy = 0. Inset: schematic
representation of the stripe system. Points of the lattice are
colored according to the corresponding value of the spectral
weight ρ=Ay(kx, ω=0).
realized before that Mott localization can happen more
efficiently at the boundary of a given system than in the
bulk because the kinetic energy is effectively reduced at
the edge [28]. However, for the QSHI this result has
a new implication. Since the Mott localization of the
outer helical edge state happens for a smaller interaction
strength than that of the bulk, the bulk itself remains
in the QSHI phase. Hence, the Mott insulator at the
boundary acts as a new vacuum (still preserving TRS)
resulting in a new topological edge state that is moved in-
side the QSHI system. To the best of our knowledge, this
is the first example of a topological edge reconstruction
triggered by Coulomb interaction.
Model and Method.– We consider a two-orbital BHZ
model supplemented by a local interaction term [19, 23].
The model is defined on a two-dimensional stripe sys-
tem formed by a finite number Ny of one-dimensional
layers stacked along the y direction with open boundary
ar
X
iv
:1
70
2.
06
41
8v
1 
 [c
on
d-
ma
t.s
tr-
el]
  2
1 F
eb
 20
17
2conditions (OBC). We assume translational invariance
and periodic boundary conditions (PBC) along the x di-
rection (see inset of Fig.1). We introduce the following
Γ-matrices: Γ0 = 1 ⊗ 1, Γx = σz ⊗ τx, Γy = −1 ⊗ τy,
Γ5 =1⊗ τz, Γσ =σz ⊗ 1, where σx,y,z and τx,y,z are two
sets of Pauli matrices acting, respectively, on the spin
and orbital sector, ⊗ is the usual tensor product, and 1
is the 2×2 identity matrix. Then, the model Hamiltonian
reads
H =
∑
kx,y,y′
Ψ†kxyM(kx)δyy′Ψkxy′+∑
kxy,y′
(
Ψ†kxyTδy+1y′Ψkxy′+H.c.
)
+Hint ,
(1)
where kx is the first component of the wave-vector, y=
1, . . . , Ny is the coordinate in the y direction (i.e. the
layer index), M(kx) = (M −  cos(kx))Γ5 +λ sin(kx)Γx,
T=− 2Γ5+iλ2Γy and Ψ†kxy = (c
†
1↑, c
†
2↑, c
†
1↓, c
†
2↓)kxy where
the first index refers to the orbital degree of freedom.
The first two terms in Eq. (1) describe a system of two
bands of width W = 6, hybridized with an amplitude
λ and separated in energy by a splitting of 2M . In the
following, we consider a total density of two electrons
per site, i.e. a system at half-filling. We assume  as our
energy unit and choose λ= 0.3 and M = 1 (if not stated
differently).
The last term of the model Hamiltonian describes a
local Coulomb interaction with both inter- and intra-
orbital repulsion and the Hund’s coupling J , taking
into account the exchange effect which favors high-
spin configurations. In terms of the local opera-
tors, Nˆ =
∑
ij Ψ
†
i Γ0δijΨj, Sˆz =
1
2
∑
i Ψ
†
i ΓσδijΨj, Tˆz =
1
2
∑
i Ψ
†
i Γ5δijΨj, the interaction term reads:
Hint = (U − J)Nˆ(Nˆ − 1)
2
− J
(
Nˆ2
4
+ Sˆ2z − 2Tˆ 2z
)
, (2)
where U is the strength of the electron-electron interac-
tion and Ψi=x,y =
√
2pi
V
∑
kx
e−ikx·xΨkxy. [29]. In the
remainder of the article, we fix J =U/4 but none of our
results are specific to this choice.
We solve the interacting problem non-perturbatively
using DMFT, focusing on non-magnetic solutions. This
choice implies that Coulomb interaction will not lift the
TRS protecting the QSHI phase. Anti-ferromagnetic or-
dering, which can be expected at low temperature in the
absence of frustration, would instead break TRS lead-
ing to a different boundary scenario beyond the scope
of the present work. In order to capture the different
behavior between bulk and boundaries, we use an ex-
tension of DMFT to treat inhomogeneous systems [30–
32]. In this framework, the interaction effect is con-
tained in layer-dependent self-energy functions Σy(ω),
bearing the correct spin-orbital structure. From this
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Figure 2. Evolution of the low-energy spectral function
Ay(kx, ω) (of the first orbital and spin up) for different inter-
action strength U . The dashed and solid (red and blue) lines
indicate, respectively, the bare and the renormalized disper-
sion relation of the helical edge states. In the last panel the
arrow indicates the width of the Mott gap.
quantity we compute the layer-dependent quasiparticle
weight Zy=(1−∂ReΣy(ω)/∂ω|ω→0)−1, which coincides in
DMFT with the inverse of the effective mass enhance-
ment and it is a direct measure of the localization effect
induced by the interactions. In non-interacting systems,
Zy = 1, while 0 < Zy < 1 denotes systems with finite
electronic correlations; Zy = 0 is the hallmark of Mott
localization.
Results.– In the non-interacting regime, U = J = 0,
the BHZ model (in its lattice-regularized version) de-
scribes a topological quantum phase transition (TQPT)
for M = 2, separating a trivial Band Insulator (charac-
terized by a topological invariant ν=0) for M > 2 from
a QSHI (with topological invariant ν = 1) for M < 2
[19]. In the QSHI phase the model hosts helical edge
states localized at the two boundaries of the stripe, as
shown in the inset of Fig.1, where we report the zero-
frequency local spectral weight for the non-interacting
system, which is finite for the edge states and vanishes
in the bulk. In the bulk, the combined effect of the in-
teraction terms U and J is to favor the equal population
of the two bands, effectively reducing the energy split-
ting M [19, 23]. This favors the QSHI over the trivial
insulator, but it also changes the character of the tran-
sition in the strongly interacting regime from continuous
to first-order [23–25]. Finally, a large enough interaction
strength drives the transition to a topologically trivial
high-spin Mott state [23, 24]
In this work, we consider the stripe geometry intro-
duced above. In this geometry, the correlation effects
acquire a spatial modulation because of the existence of
boundaries, breaking the translational symmetry in the y
direction. This can be understood noticing that the elec-
trons at the boundary layers can not hop in the outside
direction. They have therefore a reduced kinetic energy
with respect to electrons in the bulk, which makes the
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Figure 3. Evolution of the spectral functions Ay(kx, ω) (of the first orbital and spin up) for the first three layers y = 1, 2, 3
(in the corresponding rows) as a function of the interaction strength U = 3.62<Uc1 (left), Uc1 <U = 3.82<Uc2 (center) and
Uc2 < U = 3.98 < Uc3 (right). For clarity of presentation, we picked just one orbital and one spin degree of freedom. The
limited spatial extent of the edge states of about three layers can be nicely seen. The solid lines (red and blue) indicate the
renormalized helical edge states dispersion (depicted for all spin-orbital channels to emphasize their helical character).
interaction terms more effective at the edges. This effect
is shown in Fig.1, reporting the layer-resolved quasipar-
ticle weight Zy as a function of the interaction strength
U . In the weak-coupling regime (U=1), the effect of the
Coulomb interaction is to just renormalize the bands,
without affecting the qualitative nature of the QSHI so-
lution. Upon increasing the interaction strength, we ob-
serve the progressive reduction of the Zy’s. The bound-
ary value Z1 is the smallest and Zy increases approach-
ing the bulk layers. Most interestingly, Z1 abruptly van-
ishes at Uc1 ' 3.64, significantly smaller than the bulk
Mott transition point. Further increasing the interaction
strength, Z2 vanishes abruptly at a second critical inter-
action Uc2 > Uc1, eventually followed by the other layers.
The successive critical points Ucy, where Zy vanishes, ap-
pear to rapidly accumulate to a Ustripec still smaller than
the bulk critical interaction strength (that we have pre-
viously determined [19, 23]). At the critical interaction
strengths Ucy, all the inner layers show a little jump in
their quasiparticle weights. We can thus conclude that
the value Ustripec , where all the quasiparticle weights van-
ish, is the critical interaction strength for a full Mott
localization of the whole QSHI stripe.
In order to get insight on the critical points Ucy we
study the evolution of the low-energy part of the spec-
tral function, which contains the single-particle excita-
tions of the correlated system. To avoid excessively
busy figures, we plot only the contribution from one
orbital and one spin degree of freedom to Ay(kx, ω) ≡
− 1pi ImGy m=1 ↑(kx, ω+i0+), because the other components
contain exactly the same physical information and can be
reconstructed by symmetry.
In Fig.2, we report the evolution of the boundary spec-
tral function A1(kx, ω). The figure shows that the heli-
cal edge states are renormalized by Z1 for U < Uc1 and
they discontinuously disappear at Uc1, leaving behind a
small low-energy gap which turns into a large Mott-like
gap of order U only for values of the interaction strength
U > Ustripec , see the last panel in Fig.2. Therefore, the
jump of Z1 at Uc1 can be described as a selective local-
ization transition in which the delocalized helical edge
states undergo some form of Mott localization, preceding
the full Mott transition of the bulk. Analogously, Uc2
marks a similar selective Mott localization for the second
layer, and so on.
In the intermediate regime, comprised between the gap
opening of the edge states and the Mott transition, the
system opposes to the strong interaction with a contrac-
tion of the bulk and a reconstruction of the helical edge
states. This is the central result of our work. To demon-
strate this effect, we report in Fig.3 the evolution of the
spectral function Ay(kx, ω) and the renormalized gap-
less edge states for the first few layers across the multi-
ple transition points indicated in Fig.1. For small val-
ues of the interaction strength (U = 3.62<Uc1, left col-
umn), the system is characterized by the presence of he-
lical edge states localized at the outermost layer and a
gapped bulk. Increasing the interaction strength above
the first critical point (Uc1 < U = 3.82 < Uc2, middle
column), this opens a gap in that first layer. This pro-
cess is accompanied by the formation of a new pair of
helical edge states in the neighboring internal layer as
to preserve the topologically non-trivial character of the
system against Coulomb interaction, according to the
bulk-boundary correspondence. Further increasing the
interaction strength (Uc2<U=3.98<Uc3, right column)
causes a gap opening also in the second layer with the
collapse of the gapless helical states which again are re-
constructed in the adjacent layer. The bulk contraction
and edge state reconstruction process end when the in-
teraction strength becomes too large to prevent the refor-
mation of renormalized helical edge states. At this point,
a large Mott gap penetrates the system, transforming
it into a trivial Mott insulator. We next substantiate
our explanation of the edge reconstruction by a topology
analysis.
Topological Invariant.– The topological nature of the
QSHI is described by the global invariant ν ∈ Z2 [1, 33].
4In presence of TRS and conserved spin ν = (C↑ −
C↓)/2 mod 2, where Cσ is the Chern number for a given
spin channel σ. The value of Cσ is usually expressed as
a suitable integral over the Brillouin zone [20, 34]. How-
ever, the topological character can also be obtained in
real space (Wannier) representation using a different, yet
equivalent, formulation originally introduced by Bianco
and Resta [35, 36], which is particularly useful in presence
of OBC. The key idea is to rewrite the Chern number in
real space as [37]
Cσ = lim
V→∞
1
V
∫
V
dr 2pii〈r| (xˆσP yˆσQ − yˆσP xˆσQ) |r〉 (3)
where xˆσP = PσxˆQσ and yˆσQ = Qσ yˆPσ are the projected
position operators, and Pσ and Qσ are, respectively, the
projectors onto the occupied and empty bands of spin
σ of the topological Hamiltonian [34]. The integrand of
Eq. (3) defines the local Chern marker (LCM) Cσ(x, y)
[35, 36]. For a finite system the right hand side of Eq. (3)
exactly vanishes. However, the nearsighted nature [38,
39] of the electronic wave functions guarantees that the
LCM coincides with the Chern number in the bulk of
a sufficiently large system. Deviations from this value
can appear at the boundary of the non-trivial sample to
insure the vanishing of the integral (3) [40]. Thus, all the
information about the topological nature of our stripe
system is provided by the LCM Cσ(x, y) [35, 37, 41].
A crucial prerequisite of the observed edge reconstruc-
tion (driven by Coulomb interaction) is the preservation
of the non-trivial topological character in the interior
part of the stripe. The reconstructed helical edge states
then separate the QSHI in the spatially shrunken bulk
from the Mott gapped external layers. In order to illus-
trate this point, we evaluate the LCM Cσ(x, y), with x
the coordinate conjugated to kx in a finite lattice of di-
mension Nx×Ny. The bulk averages of Cσ(x, y) give the
Z2 topological invariant characterizing the QSHI state.
The evolution of the LCM distribution across the Mott
transition is reported in Fig.4. In the non-trivial phase,
the Cσ(x, y) undergo positive and negative oscillations at
the boundary which cancel out the bulk contribution to
the integral (3), see top panel in Fig.4. However, such os-
cillations are not present in the trivial phase (see bottom
panel). This enables us to discriminate between trivial
and non-trivial parts of the same system. Indeed in the
intermediate regime preceding the full Mott localization,
the LCM of the external layers becomes zero whereas
the non-trivial part with ν=1 is compressed towards the
bulk.
Conclusions. – We have studied the properties of
the edge states in a BHZ model in the presence of strong
(on-site) Coulomb interactions. Our analysis shows that
the correlation-driven transition from a QSHI to a Mott
insulator occurs through a series of selective localization
transitions as the interaction grows, before the bulk even-
tually turns into a Mott insulating state. At each local-
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Figure 4. Spatial distribution of the Chern marker Cσ=↑(x, y)
for different values of the interaction strength U . Data is
shown for a finite lattice with dimensions Nx×Ny=20×50 with
PBC along x and OBC along y. Each point of the system is
colored according to the value of C↑. Top layer: The marker
has constant value C↑ = 1 in the bulk. Oscillations at the
border are a feature of the Chern marker in the non-trivial
phase, but do not appear in the trivial one. Middle layer:
The marker is C↑ = 1 in the bulk, but gapped edge states at
y=1, 50 have C↑=0. Bottom layer: The marker is identically
zero in the trivial Mott state.
ization transition the outermost helical edge states are
gapped by the interaction. The disappearance of the he-
lical modes at the outer layer is accompanied by a recon-
struction of new (renormalized) edge states at the imme-
diately inner layers. This phenomenon demonstrates the
survival of a topologically non-trivial QSHI state in the
bulk – a direct consequence of the bulk-boundary corre-
spondence. Our results show that novel physics can be
seen in theoretical approaches able to treat simultane-
ously bulk and boundaries of correlated topological ma-
terials.
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